Abstract. Let k be an algebraically closed field of characteristic zero, let X and Y be smooth irreducible algebraic curves over k, and let D(X) and D(Y ) denote respectively the quotient division rings of the ring of differential operators of X and Y . We show that if there is a k-algebra embedding of D(X) into D(Y ) then the genus of X must be less than or equal to the genus of Y , answering a question of the first-named author and Smoktunowicz.
Introduction
One of the central results in algebraic geometry is the birational classification of surfaces.
In particular, this work shows that the most crucial birational invariants of a surface are the Kodaira dimension, the geometric genus, the irregularity, and the plurigenera. A related question concerns when there exists a dominant rational map from a smooth irreducible projective surface X to another smooth surface Y . Algebraically, this corresponds to the existence of an embedding of the field of rational functions of Y into the corresponding field for X. Many of these birational invariants give restrictions upon when such a map can exist. For example, if X is a smooth irreducible surface over a base field of characteristic zero and there is dominant rational map to another smooth surface Y then all of the above listed birational invariants of X must be at least those of Y (see Lemma 2.5 for details). In the case of curves, the Riemann-Hurwitz theorem [11, IV, Corollary 2.4] gives that if X and Y are smooth irreducible projective curves and there is surjective morphism from X to Y then the genus of X must be at least that of Y .
One has noncommutative analogues of these questions, which we now describe. If A is a graded noetherian domain of GK dimension 3 that is generated in degree one, and we let C denote the category of finitely generated graded right A-modules modulo the subcategory of torsion modules, then we can create a noncommutative analogue of Proj(A) by taking the triple (C, O, s), where O is the image of the right module A in C and s is the autoequivalence of C defined by the shift operator on graded modules, as described in [1] . Furthermore, A has a graded quotient division ring, which we denote Q gr (A), which is formed by inverting the nonzero homogeneous elements of A. Then the graded form of Goldie's theorem [10] gives that there is a division ring D and automorphism σ of D such that
We can then view D as being the "function field" of X = Proj(A) and in the commutative setting this construction coincides exactly with the ordinary field of rational functions on an irreducible projective variety. We can then view Proj(A) and Proj(B) as being birationally isomorphic if their corresponding division rings are isomorphic. Unlike in the commutative case, however, much less is known in the noncommutative setting and in general there is a dearth of noncommutative birational invariants outside of various analogues for transcendence degree [9, 18, 19, 20] . Despite the lack of noncommutative invariants, there are large classes of well-studied examples of noncommutative surfaces and Artin [1] has given a proposed birational classification of graded k-algebra domains A of GK dimension 3 (possessing additional homological properties which we do not mention here). In this case, we have Q gr (A) = D[x, x −1 ; σ] for some division ring D and, in analogy with the birational classification of surfaces mentioned earlier, one would like to understand the type of division rings that can occur. In particular, Artin claims that under the hypotheses on A from his paper, the division ring D must satisfy at least one of the following properties:
(1) D is finite-dimensional over its centre, which is a finitely generated extension of k of transcendence degree 2; (2) D is isomorphic to a Skylanin division ring; (3) D is isomorphic to the quotient division ring of K[t; σ] where K is a finitely generated field extension of k of genus 0 or 1 and σ is a k-algebra automorphism of K; (4) D is isomorphic to the quotient division ring of K[t; δ] where K is a finitely generated field extension of k and δ is a k-linear derivation of K.
We point out that the first class encompasses all of the fields of rational functions on algebraic surfaces and has lumped them together as part of a single class. In this sense, the classification is much less specific than in the commutative setting, but from the noncommutative point of view one can see the first case as being essentially "understood". (Work of Chan and the second-named author [4] provides a birational classification in this case. In particular, it shows that such division rings are either "ruled", "del Pezzo", or have a minimal model which is unique up to Morita equivalence.) We also note that division rings of types (2), (3), and (4) can be finite over their centres, and so when we talk about these latter types we specifically mean only the division rings of this type that are infinite-dimensional over their centres. Rings of the form K[t; δ] with K a finitely generated field extension of k of transcendence degree one and δ a derivation of K are birationally isomorphic to rings of differential operators of a smooth curve. The most important ring of this type is the first Weyl algebra, which has generators x and y and the relation xy − yx = 1. Just as one would like to understand conditions which must be met to have a dominant rational map of surfaces in terms of invariants, one would also like to understand when one can have an embedding of division rings between two division rings on Artin's list. In fact, in some cases it is not hard to see that embeddings cannot occur except for trivial reasons (see §3 for more details). The most difficult cases appear to be when one is dealing with division rings obtained from rings of differential operators on curves (with the exception of the Weyl algebra) and with the Sklyanin algebras. In the former case, the first-named author along with Smoktunowicz [3, Conjecture 4.1] conjectured that a type of noncommutative version of the Riemann-Hurwitz theorem might hold, in the sense of showing that an embedding can occur only if an inequality holds between the genera of the curves. Our main result is to prove this conjecture. We note that we will speak of the genus of a field of rational functions F of a smooth curve, and by this we simply mean the geometric genus of a smooth irreducible projective curve that has F as its field of rational functions. We note that if either µ or δ is the zero derivation then the theorem holds trivially (see the remarks in §3 for more details concerning the case when exactly one is zero; when both are zero this follows from the irregularity inequality mentioned earlier).
The proof of Theorem 1.1 is complicated by the fact that noncommutative localization is notoriously poorly behaved. For example, rings of the form K[t; δ] can be viewed as noncommutative deformations of the polynomial ring K[t] and have an associated graded ring of this form. This fact often simplifies the study of their ring theoretic properties. On the other hand, for K of characteristic zero, when one forms the quotient division ring by inverting nonzero elements, the resulting division ring is unwieldy and contains a copy of the free algebra on two generators unless δ is zero (this can be seen from the fact that the division ring K(t; δ) then contains a copy of the Weyl algebra and one can then use a result of Makar-Limanov [14] ). Thus the problem of understanding embeddings of F [t; µ] into K[x; µ] is considerably simpler than the problem of understanding embeddings of their quotient division rings. Our approach in proving Theorem 1.1 is to use reduction modulo primes. Here one again must be careful about what we even mean. It is known that rings of the form F [t; µ] satisfy a polynomial identity when F is a a field of positive characteristic and thus one can hope that commutative methods might apply. The one subtlety, however, is that while one can expect to obtain information about F [t; µ] by "reducing modulo primes" one cannot in general expect to gain understanding about its quotient division ring in this manner. The reason for this is that if one has a finitely generated noncommutative Z-algebra then reducing mod a prime p and then localizing is generally straightforward, but trying to reduce mod p after localizing will in many cases yield the zero ring.
The strategy to get around these difficulties is to suppose that we have an embedding F (t; µ) into K(x; δ) for fields of rational functions F and K of curves X and Y . Then this embedding gives an embedding of C[t; µ] into K(x; δ) where C is a finitely generated Zalgebra, closed under the derivation µ, such that C contains a set of generators for F as a field extension of k. Although C[t; µ] is mapping into K(x; δ), we in fact show that it maps into well-behaved localization of a ring of the form A[x; δ] where A is again a finitely generated Z-algebra. In particular, we show that we are still able to reduce modulo primes in Spec(A) in our localization. We now reduce modulo various prime ideals and then localize to obtain embeddings of division rings that are finite over their centres and we also show that these embeddings yield embeddings of the respective centres. We then use properties of flat morphisms of schemes to show that the centres of these division rings are isomorphic to function fields of ruled surfaces and we finally use results from algebraic geometry to show that the embedding of the centres can occur only if we have the desired inequality for the genera of X and Y .
The outline of this paper is as follows. In §2, we prove Theorem 1.1 and then in §3, we give general remarks about the embedding question for other division rings on Artin's list.
Proof of Theorem 1.1
We begin with a lemma, which we will use to construct a suitable model for our ring of differential operators that will allow us to reduce mod p. Lemma 2.1. Let k be an algebraically closed field of characteristic zero, let F be a finitely generated extension of k of transcendence degree one and genus g equipped with a nonzero klinear derivation δ, and let B ⊆ F be a finitely generated Z-algebra. Then there exist finitely generated Z-subalgebras C 0 and C of k and F respectively such that the following properties hold:
(1) δ(C) ⊆ C; (2) there exists s ∈ C such that δ(s) and s are units in C; (3) C ⊇ B; (4) each maximal ideal P of C 0 has the property that P C is a prime ideal of C and C/P C ⊗ C 0 /P C 0 /P is an integral domain whose field of fractions is a field extension F P of C 0 /P of transcendence degree one and genus g; (5) there is some fixed d ≥ 1 such that for a Zariski dense set of maximal ideals P of C 0 , the field F P is an extension of the C 0 /P -subfield of F P generated by the image of s of fixed degree
Proof. We can view F as the field of rational functions on some smooth irreducible projective curve X. We fix an embedding f : X → P m k , and we may assume without loss of generality that m is minimal. We have that f (X) is the zero set of a homogeneous ideal
We choose a finite set of generators for I and we let S denote the set of coefficients of the polynomials in our finite generating set. Then the homogeneous coordinates induce rational functions f i,j = (x i /x j ) X for i = j and by minimality of m, the f i,j can be extended to regular and non-constant maps on a dense neighbourhood of X. Since δ is nonzero there is some s among the f i,j such that δ(s) = 0. Then for k = ℓ we have δ(f k,ℓ ) = P k,ℓ /Q k,ℓ for some polynomials P k,ℓ and Q k,ℓ in the f i,j . We also note that the inclusion of fields k(s) → F induces a non-constant morphism s : X → P 1 and we let d denote the degree of this map.
We then take A to be a finitely generated Z-algebra that contains the elements of S, the coefficients of the P k,ℓ and Q k,ℓ , and the inverses of the nonzero coefficients of the Q k,ℓ .
Then we obtain a model X for X over Spec(A), by viewing our generating set as lying in A[x 0 , . . . , x m ] and taking the zero set of the ideal in A[x 0 , . . . , x m ] generated by these elements. We then have a morphisms : X → P 1 A , and a morphism χ : P 1 A → Spec(A), and we let φ = χ •s : X → Spec(A). By generic flatness [7, Théorème 6.9 .1] there is some nonzero f ∈ A such that if we replace A by A f and replace X accordingly, the morphisms φ ands are flat. Then for each prime ideal t ∈ Spec(A), we have a fibre, which we consider as a closed subscheme X t of P m Frac(A/t) , and we have that X t has constant arithmetic genus [11, III, Cor. 9.10]. Since the generic fibre X η has the property that if we extend the base field we obtain X, and since X is smooth and irreducible, we see that the arithmetic genus of X η is equal to the geometric genus of X and so the arithmetic genus of each X t is equal to g. Now the set of t in Spec(A) for which the fibre X t is geometrically irreducible is constructible [12, p. 36, Théoreme 4.10]; that is, it is a finite union of sets of the form U ∩ V where U is open and V is closed. Similarly, since the generic fibre is smooth, the fibres X t are smooth on a Zariski open set of Spec(A) [8, Proposition 17.7.11(ii) ]. Since the generic fibre, X η , is also geometrically irreducible, we then see that there is some nonzero h ∈ A such that for t ∈ Spec(A h ) ⊆ Spec(A), the fibres are geometrically irreducible and smooth. Since the arithmetic genera of X t are all equal to g for t in the open subset Spec(A h ), by smoothness we then have that the geometric genus of each X t is g for t ∈ Spec(A h ). We now replace A by A h and again adjust our model accordingly. We pick an affine open subset U of X such that the finite set of generators for B, s and s −1 , δ(s) and δ(s) −1 and the functions f i,j are regular on U . Now the collection of regular functions on U is a finitely generated A h algebra and if u 1 , . . . , u k are generators then there is some b that is regular on U such that δ(u i ) ∈ O X (U ) [1/b] . Since derivations behave well with respect to localization, it is then easy to check that O X (U ) [1/b] is closed under application of δ. In particular, we can refine U if necessary and assume that δ preserves the ring of functions that are regular on U . Then if we let C 0 = A h and C = O X (U ) then C ⊆ F is a C 0 -algebra and by construction for every maximal ideal P of C 0 we have that CP is a prime ideal of C since the corresponding fibre X P is geometrically irreducible (in the scheme theoretic sense); and C/CP is C 0 /Palgebra of Krull dimension one. Moreover, by geometric irreducibility of the fibres, we have C/CP ⊗ C 0 /P C 0 /P is an integral domain and its field of fractions is a transcendence degree one extension of C 0 /P of genus g, by the remarks above. We also note that our construction gives that C ⊇ B and s, s −1 ∈ C and δ(C) ⊆ C. It only remains to show (5) .
Let O(1) denote a very ample invertible sheaf on P 1 A . Then sinces is a finite map, we obtain an invertible sheaf L :=s * O(1) on X , which is ample over A. This sheaf L then gives us a second embedding of X into some P m A . By generic flatness, we again have that on an open subset of Spec(A) the degree (for this embedding induced by L) of X t is constant [11, III, Cor. 9.10] and this must be equal to the degree of the generic fibre, X η , which (again by extending the base and obtaining X) is the limit as n tends to infinity of h 0 (s * (O(n)))/n = deg(s) = d. This says that the degree of the field extension of Frac(C/P ) is d-dimensional over the extension generated by the image of s and this gives (5) and completes the proof.
Once we reduce modulo p, our ring of differential operators will satisfy a polynomial identity. The embedding questions will then reduce to embedding questions for division rings that are finite-dimensional over their centres. Our first result shows that under certain circumstances, an embedding of division rings will induce an embedding of the centres. Given a ring R, we let Z(R) denote its centre. 
Proof. Suppose that this does not hold and let K ⊃ Z(D 2 ) denote the subalgebra of D 2 generated by Z(D 2 ) and φ(Z(D 1 )). We note that K is commutative since Z(D 2 ) commutes with everything in φ(Z(D 1 )) and φ(Z(D 1 )) is commutative. Moreover, since D 2 is finitedimensional over its centre, we see that K is an integral domain that is finite-dimensional over Z(D 2 ) and hence must be a field. By assumption,
. It follows that the dimension of L over its centre, which contains K, is less than the order of D 2 over its centre. In particular, the PI degree of L is strictly less than the PI degree of D 2 . But D 1 ∼ = E embeds in L and so the PI degree of D 1 is strictly less than the PI degree of D 2 , a contradiction. The result follows.
To apply the preceding lemma, we need a characterization of the centre of a division ring obtained from the skew polynomial rings over the function field of a curve in positive characteristic. The following two lemmas give this characterization. We recall that K p = {a p | a ∈ K}. Lemma 2.3. Let p be a prime number and suppose that K is a finitely generated transcendence degree one extension of an algebraic extension E of F p and that K is degree < p over a purely transcendental extension of E. Then [K :
Proof. By assumption, we have that K is a degree d extension of E(s) for some s ∈ K and some d < p. Thus K is separable and so K is generated by two elements s, t ∈ K by the primitive element theorem, and there is some irreducible polynomial P (x, y) of degree d in y with P (s, t) = 0. Let F = E(s, t p ). Then [K : F ] ∈ {1, p} since t ∈ K has annihilating polynomial x p − t p over F , and this is either irreducible over F or is the p-th power of a linear polynomial over F . But [K : F ] ≤ [K : E(s)] ≤ deg y (P ) < p and so we see that K = F . Then we have K = E(s, t p ) and since K p ⊇ E(s p , t p ), we see that [K :
Thus it suffices to show that [K : K p ] ≥ p. Since K is finitely generated and not algebraic over E, K is not perfect and so we have that there is some u ∈ K that is not in K p . Then u is a root of the polynomial x p − u p ∈ K p [x] and this is irreducible since u ∈ K p . In particular, [K : K p ] ≥ p and the result follows.
Lemma 2.4. Let p be a prime number and suppose that K is a finitely generated transcendence degree one extension of an algebraic extension E of F p and that K is degree < p over a purely transcendental extension of E. If δ is a nonzero E-linear derivation of
Proof. Pick s ∈ K such that [K : E(s)] < p. Then δ(s) = β for some β ∈ K. Notice that the E-linear derivation µ of E(s) given by differentiation with respect to s extends uniquely to a derivation of K since K is a finite separable extension of E(s). In particular, we see that δ = βµ and K(x; δ) = K(x; µ). Thus we may assume without loss of generality that δ = µ and δ(s) = 1. Let Z = Z(K(x; δ)). For α ∈ K we have δ(α p ) = 0 and so K p ⊆ Z. Also for α ∈ K, since K has characteristic p, we have [x p , α] = ad p x (α) = δ p (α). Notice that δ p = ad x p is a derivation of K and it annihilates E(s). Since K is a separable extension of E(s), we see that δ p (K) = 0 and so x p ∈ Z. Now we claim that [Z(x) : Z] = p. To see this, observe that x satisfies the polynomial equation t p − x p = 0 in Z[t] and this is irreducible unless x ∈ Z. It follows that [Z(x) : Z] ∈ {1, p}. Since δ is nonzero, we see that x ∈ Z and so we obtain the claim.
We have [K :
In particular, if we pick a maximal subfield containing Z(x), we see that
To get the final isomorphism, notice that the map f (t) → f (t) p gives an isomorphism from K(t) to K p (t p ).
We next prove a few results that are well-known, but for which we are unaware of proper references. We first prove Lemma 2.5, which gives many of the claimed inequalities on birational invariants for X and Y when there is a dominant rational map from Y to X. We then give a non-embedding result (Lemma 2.6) that can apply to centres. We point out that Lemma 2.6 immediately follows form Lemma 2.5 in the separable case, but we require a more general version. is injective. Now applying the global section functor and the projection formula yields the result. The second inequality follows by the same argument, and since the Kodaira dimension is the growth of the plurigenera, we are done. Lemma 2.6. Let k be an algebraically closed field and let F and K be function fields of smooth projective irreducible curves over k of genera g F and g K respectively. If there is a k-algebra embedding of
Proof. Choose a smooth minimal model X for F (t). Note that ρ : X → C is ruled over a curve C with k(C) = F . If g F = 0 we are done, so let us suppose that g F > 0. We can choose a smooth model Y of K(t) and we will have a dominant rational map Y X. 
If the image of ψ is C we are done, otherwise the image ψ must be a point p in C. So we see that D maps to the fibre ρ −1 (p) = F ≃ P 1 . Now consider a fibre F ′ in Y over a point q ∈ D. Now π(F ′ ) must be connected and since all the components of F ′ are rational curves, the map ρ • π must be constant on F ′ . Since F ′ meets D we see that the image of F ′ in X is contained in F . So the map Y → X is not dominant.
We are now ready to prove our main result.
Proof of Theorem 1.1. Let g F and g K denote the genera of F and K respectively. By Lemma 2.1, there exist finitely generated Z-algebras C 0 and C such that C[t; µ] is a subring of F (t; µ), C is a finitely generated C 0 -algebra, and C and C 0 satisfy the following conditions:
(1) δ(C) ⊆ C; (2) there exists s ∈ C such that µ(s) = 1 and s is a unit in C; (3) each maximal ideal P of C 0 has the property that P C is a prime ideal of C and C/P C ⊗ C 0 /P C 0 /P is an integral domain whose field of fractions is a field extension F P of C 0 /P of transcendence degree one and genus g F ; (4) there is some fixed d ≥ 1 such that for a Zariski dense set of maximal ideals P of C 0 , the field F P is an extension of the C 0 /P -subfield of F P generated by the image of s of fixed degree d.
Then the embedding of F (t; µ) into K(x; δ) gives an embedding ι of C[t; µ]. Let c 1 , . . . , c r be generators for C as a Z-algebra. Then there exist elements
Let B denote the Z-algebra generated by the coefficients of p i (x), q i (x), r(x), s(x) as well as the inverses of all coefficients of leading monomials. Then by Lemma 2.1, there exists a finitely generated Z-subalgebra A 0 of k and a finitely generated A 0 -algebra A such that:
(ii) there exists s ′ ∈ A such that δ(s ′ ) = 1 and s ′ is a unit in A; (iii) A ⊇ B; (iv) each maximal ideal P of A 0 has the property that P A is a prime ideal of A and A/P A ⊗ A 0 /P A 0 /P is an integral domain whose field of fractions is a field extension K P of A 0 /P of transcendence degree one and genus g K ; (v) there is some fixed d ′ ≥ 1 such that for a Zariski dense set of maximal ideals P of A 0 , the field K P is an extension of the A 0 /P -subfield of F P generated by the image of s ′ of fixed degree d ′ . Since A is noetherian, the set S of monic polynomials in A[x; δ] is an Ore set [6, Lemma 1.5.1]. Then since A contains B and the leading coefficients of the q i (x) and s(x) are units in A we see that the embedding of C[t; µ] into K(x; δ) sends C[t; µ] into S −1 A[x; δ], since a generating set for C[t; µ] is sent into this ring. We also note that prime ideals of A that are closed under application of the derivation δ lift to prime ideals of A[x; δ] and, moreover, they survive when we invert S since the elements of S are all regular modulo these prime ideals.
Then for each maximal ideal P of A 0 , the composition of maps
whereS is the monic polynomials in (A/P A)[x; δ], gives a map
is a domain, the kernel must be a completely prime ideal of C[t; µ]. Moreover, since the embedding is the identity on k, we see that the embedding ι sends C 0 ⊆ C ∩ k into A∩ k and so φ P maps C 0 to (A∩ k)/(P A∩ k). We claim that (A∩ k)/(P A∩ k) is an algebraic extension of a finite field. This will then give that Q := ker(φ)∩C 0 is a maximal ideal of C 0 since φ P must then map C 0 into a finite field since C 0 is finitely generated. To obtain the claim, we note that by construction A is a finitely generated A 0 -algebra whose Krull dimension is one greater than that of A 0 . It follows that A cannot contain a polynomial ring in two variables over A 0 . Moreover, A is not algebraic over k and so there exists some z ∈ A that is transcendental over k. We now claim that if α ∈ A ∩ k then A 0 + A 0 α + · · · is not direct; if it were, then since A cannot contain a polynomial ring in two variables over A 0 , the infinite sum A 0 [α] + A 0 [α]z + · · · could not be direct, and this would then give that z is algebraic over k. It follows that every element of A ∩ k is algebraic over A 0 and hence (A ∩ k)/(P A ∩ k) is algebraic over the finite field A 0 /P , thus giving the claim.
By property (4), we have that QC is a prime ideal of C and since µ(Q) = 0 we see that this prime ideal is µ-invariant and is in the kernel of φ. Since C 0 /Q and A 0 /P are finite fields of the same characteristic, they have isomorphic algebraic closures and thus we get an induced mapφ
We claim thatφ P is injective. We observe that once we have this, we are done, becausē φ P will induce an injection from the division ring F P (t; µ) into K P (x; δ), by localizing. If we choose a maximal ideal P such that A 0 /P has characteristic p > max(d, d ′ ) and such that F P is degree d over the subfield generated by s and K P is degree d ′ over the subfield generated by s ′ (this is possible since we can invert the set of primes p ≤ max(d, d ′ ) in A 0 and we will still have an infinite spectrum and for a Zariski dense set of P we will get the desired degrees), then by Lemmas 2.3 and 2.4, F P (t; µ) and K P (x; δ) are both p 2 -dimensional over their respective centres and so by Lemma 2.2 we have that this embedding restricts to an embedding of their centres and by Lemma 2.4, this then gives an embedding of F P (y) into K P (y), where y is an indeterminate, which gives that the genus of F P is at most the genus of K P by Lemma 2.6. Since we have that the genera of F P and K P are respectively g F and g K , we see that
Thus it only remains to show that the mapφ P is injective. Let R = (C/QC ⊗ C 0 /Q C 0 /Q). Then R is a finitely generated commutative C 0 /Q-algebra of Krull dimension one. It follows that R has Gelfand-Kirillov dimension one [13, Theorem 4.5 (a)], and so since R is finitely generated, R[x; µ] has Gelfand-Kirillov dimension two [13, Proposition 3.5] . Since R is a domain, we see that ifφ P is not injective then there is some nonzero prime ideal I of R[t; µ] such that I is equal to the kernel ofφ P . Moreover, I must be a completely prime ideal sinceφ maps into a domain. Now the Gelfand-Kirillov dimension of R[t; µ]/I is at most one as a C 0 /Q-algebra if I is nonzero [13, Proposition 3.15] . But this then gives that R[t; µ]/I is commutative, as it is a domain of Gelfand-Kirillov dimension one over an algebraically closed field. (This is a now well-known observation that uses Tsen's theorem [17] and the Small-Stafford-Warfield theorem [16] .) Now by (2), we have [t, s] = δ(s) and s and δ(s) are units. But if I is nonzero then t and s commute modulo I and so [t, s] = δ(s) ∈ ker(φ) P , a contradiction. The result follows.
Additional remarks about embeddings
The general question as to when there exists an embedding of D 1 into D 2 when D 1 and D 2 are two division rings on Artin's list has been looked at before and there are many folklore results in this area. We can divide Artin's list into four types of division rings:
(1) those that are finite-dimensional over their centres; (2) the Sklyanin division rings not finite over their centres; (3) Skew field extensions of automorphism type (not finite over the centre); (4) Skew field extensions of derivation type (not finite over the centre). Theorem 1.1 then addresses embeddings for division rings of Type 4. In fact, for embeddings of some of the other types much more is already known. For example, maximal subfields of division rings of Types 2-4 have transcendence degree one over k (cf. [2, Theorem 1.4]) and hence no division ring of Type 1 can embed into one of another type; conversely, division rings of Types 2-4 all contain free algebras on two generators and hence cannot embed into division rings of Type 1.
In the case of embedding division rings of Type 1, we have the following easy observations. We note that the division ring of Type 3 given by k(t)(x; σ) where σ(t) = t + 1 is in fact isomorphic to the division ring k(y)(z; δ) where δ is differentiation with respect to y. Here the automorphism is given by t = yz and x = z. This division ring embeds into every division ring of Type 4 since, by working up to isomorphism, we may assume that there is always a solution to δ(s) = 1 when our field is a finitely generated transcendence degree one field extension of k. Other than these trivial cases, it is known in some cases that some division rings of Type 4 do not embed into division rings of Type 3 and it is known that some division rings of Type 3 do not embed into division rings of Type 4. Perhaps the easiest such example is given by taking k(t)(x; σ) where σ is not conjugate to an automorphism of the form t → t + 1. In this case, one can perform a change of variables and assume that σ(t) = qt for some nonzero element of k. Moreover, since we are assuming we are not finite over our centre, we have that q is not a root of unity. The quotient division ring of a ring of the form K[t; δ] embeds in a skew power series ring K((t −1 ; δ)) and a simple computation by looking at leading terms shows that there are no solutions to the equation xt = qtx in this ring with q = 1. In particular, k(t)(x; σ) cannot embed into K((t −1 ; σ)) and hence cannot embed into any division ring of type 3.
Finally, while not explicitly written down in the literature, Artin [1] points out that a Sklyanin division algebra is a ring of invariants of a division ring of Type 3-specifically there is an elliptic curve E and an infinite-order translation σ of E such that a Sklyanin division ring is the ring of invariants of a Z/2Z-action on k(E)(t; σ), where the action on k(E)(t; σ) comes from the induced map on k(E) from the negation map on E and then by extending the action by sending t to t −1 .
* This gives an embedding of a division ring of Type 2 into one of Type 3. We are not aware of any additional results involving embeddings from or into the Sklyanin division rings and a systematic study of the possible embeddings of the division rings on Artin's list would make an interesting topic for future study. We conclude by asking about a generalization of Theorem 1.1, which would give a complete understanding of embeddings between division rings of Type 4 if the question were answered affirmatively. We point out that one direction is trivial, but the other direction would have important implications beyond the inequality between genera given in Theorem 1.1. For example, it would show that the gonality of the curve X bounds the degree of the embedding of the Weyl division algebra into D(X).
